Name __________________________________	Date ___________________

Lesson 2.7	 - Class Notes

Assignment:	Read Chapter 2.7, pages 137 – 141, and complete this worksheet.

Goals:
· Use the Fundamental Theorem of Algebra to find the number of solutions or zeros.
· Use the Complex Conjugates Theorem and Irrational Conjugates Theorem to find the zeros of a polynomial function.
· Use zeros to write a polynomial function.
· Use Descartes’ Rule of Signs to determine the number and type of zeros.

Vocabulary:
· Repeated Solution
· Irrational Conjugates
· Complex Conjugates

Repeated Solutions
· The _______________________ of a solution refers to the _____________ of __________ a solution ___________.
	e.g.	
				
	–     __________ leads to a _____________ solution.
	–     ______________ leads to a solution of ____ which occurs _____________ (a 
	       ________ or ____________________________).
	–     ____________ leads to a solution of _____ which occurs _________________ (also  
	       a repeated solution).
· So, counting the repeated solutions, the ______________________________________ has _____________________: _______________________________.
Fundamental Theorem of Algebra
The previous result is generalized by the Fundamental Theorem of Algebra.
[image: ]
The corollary to the fundamental theorem of algebra also implies that an ___________________ function f _____________ _______________ _____________________.
Example #1
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Your Turn:
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_____________
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_____________




Example #2
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Your Turn:
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Behavior Near Zeros
· [image: ]The graph of  is shown. The zeros of f are; .
· Note that _________ the _______________ 
appear as ___________________ on the graph.
· Also note that the graph is ______________ to the                                    
 x-axis at the ______________ zero __________, but                              
_____________ the __________ at the zero ________.
· The following figure illustrates some                                    
conclusions.
[image: ]
This concept can be generalized as follows:
· When a _____________ x – k of a function f is raised to an ______________ power, the graph of f _________________ the ________________ at x = k.
· When a _______________ x – k of a function f is raised to an _____________ power, the graph of f is _________________ to the _______________ at x = k.
Complex Conjugates
· The function   has _____________;
 .
· Notice that the ____________  are ________________ ________________.
· A __________________ result applies to ______________________ ____________ of polynomials functions.
· This is _________________________ in the following theorem.
[image: ]
Example #3
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Your Turn:
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Your Turn:
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Descartes’ Rule of Signs
· Uses the relationship between the coefficients of a polynomial function and the _____________ of _________________ and ____________________ __________ of the function.
[image: ]
Example #4
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Your Turn:
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Approximating Zeros
_____________________ ____________ can be ____________________ using the __________ ___________________. Use the zero feature of the graphing calculator.





Example #5
[image: ]

Your Turn:
[image: ]

________________________________


Example #6
[image: ]
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Your Turn:
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1. How many solutions does the equation
x*+5x2-36=0 have?
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2. How many zeros does the function
f(x)=x*+7x>+8x - 16 have?
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Find all zeros of f(x) =x’

4x+ 4x3 + 1022 — 13x — 14.

STEP 1

STEP 2

Find the rational zeros of /. Because fis a
polynomial function of degree 5, it has 5
zeros. The possible rational zeros are + 1, + 2,
+7, and + 14. Using synthetic division, you
can determine that — 1 is a zero repeated
twice and 2 is also a zero.

Write f(x) in factored form. Dividing f(x) by
its known factors x + 1, x + 1, and x - 2 gives a
quotient of x? - 4x + 7. Therefore:

[ =+ 12— 2)(x2—4x +7)
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STEP 3  Find the complex zeros of /. Use the

quadratic formula to factor the trinomial into
linear factors.

M=+ P2 [x-@+iV3) | [x-@-i3)

Thezerosoffare—l‘—1,2,2+iE,andz i3.
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Find all zeros of the polynomial function.
3. fx)=x3+Tx2+15x+9
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Find all zeros of the polynomial function.
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-2+ 8x2-13x + 6
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“The graph erosses the x-axis at (¢, 0) if “The graph s tangent 10 the x-axis at (¢, 0) if
cisazero of odd multiplicity. cisazero of even multiplicity.




image13.png
Complex Conjugates Theorem

If fis a polynomial function with real coefficients, and a + bi is an imaginary
zero of f, then a — bi is also a zero of f.

Irrational Conjugates Theorem

Suppose fis a polynomial function with rational coefficients, and @ and b are

rational numbers such that Vb is irrational. If a + Vb is a zero of f, thena — Vb
isalso a zero of f.
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Write a polynomial function fof least degree that has
rational coefficients, a leading coefficient of 1, and 3

and2+(5 as zeros.

Because the coefficients are rational and 2 +{5is a
zero, 2 — {5 must also be a zero by the irrational
conjugates theorem. Use the three zeros and the
factor theorem to write f(x) as a product of three
factors.
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f@=-3)[x-Q+V5)][x-@2-V5 )] Write/(x)in

factored form.

:(x—3)[(x—2)—\/?] [(x-2) +\/75] Regroup terms.

=(x-3)[(x-27-5] Multiply.
=(x-3)[(x*-4x+4)-5] Expand binomial.
=(x-3)(x*—4x—-1) Simplify.
= —dx?—x-3x2+12x +3 Multiply.

Combine like
=x*-Tx+ 1lx+3 terms.
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CHECK

You can check this result by evaluating /(x) at each of
its three zeros.

f3)=3-TGR+11(3) +3=27-63+33+3=07
f2Vs)=@+V5)p—12+Vsp+11(2+V5)+3
=38+17V5-63-28V5+22+ 115 +3
=0

Since f(2+ Vs ) =0, by the irrational conjugates
theorem f(2- Vs )=0.v
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Write a polynomial function f of least degree that has
rational coefficients, a leading coefficient of 1, and
the given zeros.

5. -1,2,4
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6. 4.1+\5
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Write a polynomial function f'of least degree that has
rational coefficients, a leading coefficient of 1, and
the given zeros.

7. 2,2i4-\6
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8 3,3-i
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Descartes’ Rule of Signs

Letf(x) = a X" +a,_ x"~'+---+ayx* + ax + a, be a polynomial function
with real coefficients.

* The number of positive real zeros of fis equal to the number of changes in
sign of the coefficients of f(x) or is less than this by an even number.

* The number of negative real zeros of fis equal to the number of changes in
sign of the coefficients of f(=x) or is less than this by an even number.
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Determine the possible numbers of positive real
zeros, negative real zeros, and imaginary zeros for
f(x) =x0—2x% +3x* — 10x* — 63> — 8x — 8.

f(x) =x6—2x% + 3x* — 10x® — 632 — 8x — 8.
\C .G . ¥ g

The coefficients in f(x) have 3 sign changes, so f
has 3 or 1 positive real zero(s).

[Ex) = (x5 2(-x)° + 3(-x)* - 10(~x)* - 6(-x)> - 8(~x) - 8

=x8+42x"+3x*+ 10x° —6x2 +8x -8
L e s el
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The coefficients in /(- x) have 3 sign changes, so fhas
3 or 1 negative real zero(s) .

The possible numbers of zeros for fare summarized in
the table below.

Positive Negative Imaginary Total
real zeros real zeros zeros zeros
3 3 0 6

3 1 2
1 3 2 6
4
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Determine the possible numbers of positive real
zeros, negative real zeros, and imaginary zeros for
the function.

9. f)=x+2x-11
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Determine the possible numbers of positive real
zeros, negative real zeros, and imaginary zeros for
the function.

10. g(x)=2x*—8x* + 6x>—3x + 1
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Approximate the real zeros of
fx) = x0—2x% +3x* — 10x* — 6x> — 8x — 8.

Use the zero (or roof) feature of a graphing calculator,
as shown below.

| | [, \

zero zero
X=-.7320508 Y=0 X=2.7320508 Y=0

L d L d

- From these screens, you can see that the
zeros are x=—0.73 and x = 2.73.
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1. Approximate the real zeros of

) =355+ 2t - 83 + 4x? —
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TACHOMETER

A tachometer measures the speed (in
revolutions per minute, or RPMs) at
which an engine shaft rotates. For a
certain boat, the speed x of the engine
shaft (in 100s of RPMs) and the speed s
of the boat (in miles per hour) are
modeled by

5 (x) =0.00547x* - 0.225x> + 3.62x — 11.0

What is the tachometer reading when the boat travels
15 miles per hour?
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f
Substitute 15 for s(x) in the given |
function. You can rewrite the | |
resulting equation as: zer0
J

X-19.863247 Y=0

0=0.00547x* - 0.225x> + 3.62x - 26.0

Then, use a graphing calculator to approximate the
real zeros of f(x)=0.00547x* - 0.225x2 + 3.62x - 26.0.

From the graph, there is one real zero: x = 19.9.

- The tachometer reading is about 1990 RPMs.
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12. WHAT IF? In Example 6, what is the tachometer
reading when the boat travels 20 miles per hour?
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* The Fundamental Theorem of Algebra

Theorem: If f(x) is a polynomial of degree n where n> 0, then the equation
* f(x) = 0 has at least one solution in the set of complex numbers.

- Corollary: If f(x) is a polynomial of degree n where 1 >0, then the equation

* () = 0 has exactly n solutions provided each solution repeated twice is
counted as 2 solutions, each solution repeated three times is counted as

* 3solutions, and so on.
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a. How many solutions does the equation
X3+ 5x2+4x+20=0 have?

Because x> + 5x2 + 4x + 20 = 0 is a polynomial

equation of degree 3,it has three solutions.
(The solutions are -5, -2/, and 2i.)
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b. How many zeros does the function
f(x)=x*—8x*+ 18x>— 27 have?

Because f(x) = x* - 8x* + 18x? - 27 is a polynomial

function of degree 4, it has four zeros. (The zeros
are-1,3,3,and3.)




